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IMPEANCJIOBUE

OTOT CNPABOYHUK IMPEJHA3HAYEH JIJIsi CTY/IEHTOB BBICHINX Yy4eOHBIX 3aBejle-
HUl, THXKEHEPOB 1 HAayYHBbIX paboTHUKOB. OH COAEPXKUT TabJIUIBI HEOTIPe e H-
HBIX WHTErpPaJioB OT JIEMEHTAPHBIX (PYHKIMIA. B KHHUre mMOMeIeHbl B OCHOBHOM
HMHTErpaJibl, BbIparXkaeMble Yepes3 sJieMeHTapHble (PYHKIUU; JJIs1 TPOCTERINNX UH-
TerpaJjios, He 00JIaJAIOIINX STUM CBOMCTBOM, HO YaCTO BCTPEYAIOIINXCS B IPUJIO-
JKEHUsIX, JaHbl IIPeJICTaBIeHus Yepes crenualbuble Gpynkuuu. Onpeenenus atux
CIIeIUaNIbHBIX (DYHKIMIA, & TAK?KE OCHOBHBbIE CBOWCTBA dJIEMEHTAPHBIX (DYHKIIMIA,
KOTOPBIE MOT'YT ObITH UCIIOJIb30BAHBI [TPU BHIUYKCIEHINN NHTErPAJIOB, IPUBEIEHBI B
npuioykeHusix. Jlpyrue Heonpe/jejieHHble UHTErPAJIbl OT JIEMEHTAPHBIX (DYHKIIUN
MOXKHO HaiiTu B 6oJjiee MOJTHOM CIIPaBOYHOM PYKOBOJICTBE .

[TocTosiHHAs MHTErpUpOBaHUSI B TPABBIX YacTAX (OPMYJ [Jisi KPATKOCTU
OIyIIleHa; HAIIPpUMeEpP, BMECTO

Jsin:l;da:z —cosz + C
[ULLIEM
Jsinmdm = —coszx.

[lepemennbie unTerpupoBanusi x, t u mapamerpol a, b, ¢, d cuyurtamoTcs
eACTBUTEJIbHBIMY, &, P, ¢, T — KOMIUIeKCHbIMU, Kk, [, m, n = 0, 1,2, ..
OCTaJIbHbIE OIPAHUYEHUsI YKA3BIBAIOTCS B KBAJPATHBIX CKOOKAaX IMOCTE COOTBET-
crByomux dopmysi. Hekoropbie hOpMyIibl IPU OMpE/IEIEHHBIX 3HAUEHUSX Mapa-
METPOB TEPSIIOT CMBICI. Fciin 9TU 3HaUYeHUsT CJIEAYIOT U3 CTPYKTYPbl (hOPMYJIbI,
TO COOTBETCTBYOIIUE Pa3bsiCHEHNS OMYCKAIOTCS. BbhIparkeHust [1Jisi MHTEerpaJa mpu
TUX 3HAUEHUSIX MapaMeTPOB, KaK MPABUJIO, JAIOTCS B MOCIEAYOMUX (hopMyiax.

') Ipyowuxos A.Il., Bpuwuxos FO.A., Mapuues O.M. WUuTerpabl u psiapl.
Onemenrtapuble dyHkiyn. — M.: Hayka, 1981; B 9Toif KHUre MMOMEIIEHb! TaK-
>Ke U OTlpeJiesIeHHble nHTerpaJsl. HeonpeseseHHble 1 onpe/iesieHHbIE MHTErPAJIbI
OT CHenualIbHbIX (DYHKIMH MOXKHO HaiiTu B Kuurax: [Ipydnukxoe A.Il., Bpoiu-
rxoe FO.A., Mapuves O.U. Vnrerpansr n psaapl. CrneumanbHble (QyHKUAN, —
M.: Hayxka, 1983; IIpyodnuxos A.Il., Bpwuros [0.A., Mapuues O.U. InTerpasbl
u psigbl. Jononuurensubie ranasol. — M.: Hayka, 1985.
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1. BBEJIEHUNE

1.1. OcHOBHbBIE MHTErPAJBbIL

v+ a?

dx
——— =In|lz+Vz2 - a?]|
e+ VAT |

— et

dx .
= arcsin
a? — 2 |al
e“dr =¢e"
xr a’z
a’ dx = [a>0,a#1]
Ina
Jsha:dx:cha:.
T T
e ‘th—
Jshx 2
de = —cthz
sh
Jchxdm—shx
dx
Ry e
Jchx arctge
de =thz.
ch” z
Jthxdm:lnchx.
Jcthxdm:ln\sh:ﬂ.
Jsinwdw:—cosw.

» m70+1
¥ dxr = —1].
i1 [p#—1]
4o gl
x
la #0]
dz —larct z
z2+a2 a o
dx _inm—a
z2—a2  2a z+al

do =In(z+ Va2 +a?).

19. J dz =1n‘tgf‘.
sin ¢ 2

20. .da2: = —ctgzx.
sin “z

21. Jcos:l: dx = sinz.

2. | oz =il (5 3)]

23. Jd_:c =tgx.

cos2zx

sin x 1
24. 5 dx = .

cos 2z cos T

25.

27.

26. thmdm = —In|cos z|.
Jctgmdm =In|sinz|.

1.2. O6umue GopmMyasl.

L [(ef(@) + bg(e)) do =

= ajf(:l;) dm—l—ng(:I;) dz.
2. Jd{i(::) de = f(z).
3. J d];(;) g(z)dx =

= f@)(@) - [ 1) B2

[uHTErpHpOBaHUE MO YacTaM|.

4. [f@)do = | FeW)e W)dy.

[MHTErpUpOBaHUE MOACTAHOBKOM;

z = g(y)]

Juddepennuposanue
JIEBHHOT'O MHTEerpaJa;

d
5. %Jf(m) dx = f(z).

HeoIpeie-
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2. AJITEBPANYECKUVE ®VYHKIINN
2.1. urerpann BuUJA pr(awr +b)? dz.
2P (ax” + b)9 qrd
qgr+p+1 gr+p+1
_m”“(axr—i—b)‘”l gr+r+p+1

— P T qg+1
- G+)rb T g+ Db Jw(am +o)T de.

. Jx”(aaf—{—b)q de = Jx”(aaf—{—b)q*l de.

p+1 r q
=T (paf- 1+ b) — pq:_al pr-ﬁ-r (az” + b)q_l dz.

p—r+1 Id q+1 o
_z (az™ +b) p—r+l1 pr—r(axr +5)7 da.
(g+Dra (¢g+ra

p—r+1 ™ qg+1 _
=z (az” +6)"  (p—r+1)b prfr(axr +b)? dz.

(gr+p+1)a (gr+p+1)a
2P (az” +6)1T (gr+r+p+Da | pir, . a
= 1) - P+ Jm (az” +b)? d.
n kpn—k _,p+kr+1
» ” n _ rab T
Jaf: (az" +b)"dx = kzzocn—p-l-kr-i-l
J xPder zPt! +(q71)r7p71J' zP dx
(az™ + )1 (q¢— 1)rb(az” +b)a-1 (g—1)rd (az™ + b)a-1"
- P Tl 4 p—r+1 J 2P " dx
(g = Dra(az™ +b)=' (¢ —1ra ) (az™ +b)a—1"
J' " tde _ 1
“ ) (azm+b) T (¢ —1)ra(axt +b)a-1"
z" dx 1
. =—1 r .
JaxT+b ra njaz” + b
J z"dz  _x EJ dx
“Jaxr+b a a)axt+b
J' dz _ z +(q—1)r—1J' dz
(axz™ +b)1 (¢ — Drb(azr + b)a-1! (g—1)rdb | (az™ +b)a-1"
J' dz _ 1 n
zP(az™ +b)9 (¢ — 1)rbzr—l(az” + b)7-!
+p+(q—1)7‘—1j dx
(g—1)rb xP(az™ + b)9-1"
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15 J de ! - Ejdim
© ) zr(azt+b) (p—1)bzr-' b | xP-T(ax" +b)’

dx 1 x”
16. | ——————~ = —In|———|.
Jm(amr+b) b axr—i-b‘
2.2. urerpansl Bujga J';C dx .
" +a”
dx
1. | ——— =
J r2n + a?n
n—1
= —m% Z cos 22: ! mIn <m2 — 2ax cos 22: ! T+ a2> +
k=0
-1 T — acos 2k + 171'
1 . 2k+1 - n
+ na?n—1 Zsm o T arctg ok 11
k=0 a sin T
2n
dx 1
2. J SIRTT 4 gant = @n T Daz In|z+ a| —
n—1
1 2k + 1 ) 2k )
- o an 1 -2
(2n+1)a2nk2:0cos2n+17r n<:1: axcos2n 17r+a +
1 T — acos 2k+1
2 . 2k+1 - n+1
+(2n+1)a2n251n2n+1ﬂarctg ok 1
k=0 a si
2n +1
J z™dr 1 "
r2n 4 g2n - anag2n—m—1
n—1
X Zcoswm <m2 —2axcos2k ! 7r+a2> +
k=0
n—1 2k + 1
1 Z . (m+1)Qk+ 17 . T — acos o "
nan-m=1 £ %0 2n arcte . 2k+1
k=0 a sin T
2n
I1<m<L2(n—-1).
™ dx (=™
4. J eSS s Gn ot Datnm In|z 4+ a| -
n—1
1 (m+1)(2k +1)7 2 2k+1 2
T o 1\ 2n—m —_—1 -2
(2n+1)a2n_mkzzocos 1 n|z axcos2n+17r+a +
1 2k +1
+ & nX:Sin (m+1)(2k + 1)m arct e 2n+1
(2n + 1)a2nm 2+ 1 & ak+1
k=0 asin
2n+1



16 2. Anzebpauueckue Gyrruuy

[2.3
2.3. Uurerpans Bujga J 7:); dacn'
" —a
1 J dx _ 1 m|Z=e
. wZn _ a2n - 2na2n—1 T +a
1 n—1
+ a1t Zcosk%ln <x2 —2awcosk%+a2) -
k=1
-1 T — acos km
1 ~— . k= - n
" T DS arctg ————
k=1 asin —
n
dz 1
2. J $2"+1 — a2"+1 = (2n + 1)0,2" 1[1 |$ — a| —
n—1
— ;Zcos 2k +1 7 ln x2+2amcos 2k+1 7r—+—a2 —
(2n 4+ 1)a?n paart 2n +1 2n +1
—1 m+acos2k+17r
-z Zsin 2k+1 T arctg 2n +1
(2n +1)a?" 2n+1 . 2k+1
k=0 a sin
2n +1
™ dx 1 m
3. J pr s il oy [n|z —al - (—-1)"In|z + a|] +
n—1
1 (m+1)kn 9 km 2
+ P — Z cos In (:c —2axcos— +a” | —
2na pat n n
n-1 T — acos km
1 1 - _
B v— Z sin (m + Dkr arctg kﬂ'n [1<m<2(n—1).
na k=1 a sin —
n
™ dx 1
4. J $2n+1 — a2"+1 = (2n T 1)a2n7m In |£13 — a‘ +
n—1
(=nm* (m+1)(2k + )m 2 2k + 1 2
TN o —1 2
+(2n+1)a2"—m kzocos 1 n(z”+ amcos2n+1ﬂ'+a +
1 T + acos 2k+1 T
ne
n 2(—1)m+1 sin (m+1)(2k+ 1) arctg 2n + 1
(2n +1)a2r—m 2n +1 . 2k+1
k=0 a sin
2n+1
1<m<2n—1].
p
2.4. UurerpaJibl Bujga J'7QE dz .
(x +a)
1 J xPdx zP i P J' zP tdz
“l@ta) (g-(z+a)t g-1) (@-a)t
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™ dx e (—a)™ "
2 [y -
(z +a)? = T g—k=1)(z+a)
eciu k = g — 1, TO BMECTO COOTBETCTBYIOIIETO YJIEHA B CyMME CJIE/IyeT B3SAThH

CL M (—a)™ ™ In|z + al.

dz _ 1
3'Jw+aw"(n—nw+awﬂ'

dx
4. J.m+a =In|z + al.
5. J rdzx __ 1 " 1
(z+a) (n—2)(z+a)"2 (n—1)(z+a) 1’
6 J' ztdz -~
"l @tar
- 1 2a a?
T o m=3)(z+a)3 (n-2)(z+a)2 (n—1)(z+a)" 1
7 J z%dx _ 1
(z + a)” (n—4)(x+a)n*
n 3a _ 3a® a®
n—3)(z+a)*3 (n—-2)(z+a)"2 (n—1)(z+a)*
m m—1 m—
8 J”” de _ N~ (Dt e ol
r+a = m — k

2

x
10 Jx dm—m—fam+a2ln|x+a|
“Jata 2 ’
3 3 2
11. szz:%f%—l—fmfae‘lﬂm—{—a\.
m—1
™ dx kak—lmm—k (_l)m—lam
12. J(x+a)2: (-1* m—k z+a *
k=1
+(=1)"""ma™ " In|z + al.
zdw a
13. | — = 1 .
J(x+a)2 w+a+n\:1:+a|
2 2
14. Jﬂsz a —2aln|z + a.
(z + a)? T+ a
3 2 3
z° dx T a 2
15, | ——— = — -2 1 .
5 J(x+a)2 5 a$+x+a+3a n|z+ a
zdz 1 a
16. =— .
J(m+a)3 x+a+2(9:+a)2
2 2
rdz 2a a
17. = - 1 .
J(m+a)3 z+a 2($+a)2+n|w+a|
3 2 3
x® dx 3a a
18. | ——— =z — —3al .
J(m+a)3 v m—l—a+2(9:+a)2 alnfe +al

2 A.1O. Bpbiukos u ap.



18 2. Anzebpauueckue Gyrruuy [2.5

19.J' rdzx _ 1 n a
(z +a)? 2(x+a)®  3(xz+a)
20. J' z2dx _ 1 4 a - a®
(z +a)? z+a (z+a)® 3(xz+a)
21.J’ z® dx _ 3a 3a? n a® +ln|z+ af
(x4+a)* z+a 2x+a)? 3(z+a) ’
2.5. UurerpaJsibl Bujga dem
zP(z + a)?

1 J dz _ 1 _ptg-—2 J dz
“Jar(z+a) (p—1DazP-(z+a)"!  (p—1)a ) zP-1(z+a)?’

9 _ 1 p+qg—2 J dz
' T (g Dazr i@+ a1 | (q-Da ) ap(e+a)i
m+n—2 m—k—1
dx 1 k+1 (z+a)
3. = 1 .
J am(z +a)*  amtnl Z (=1 Crngns (m —k—1)gm—k-1

k=0
eciu k = m — 1 TO BMECTO COOTBETCTBYIOIIEro 4j€eHa B CyMMe ClIeJyeT B34ATb

(-ymemst zln\““\.

— 1 T +a
4. - [P
J (z + a)” ;ka"’“w—i—a) ar Tz
n—1 k
5. -1 ( 2 )-iln‘g”“‘.
Pt T+ a a™ T
n—1
dz 1 n 1 1 T+a
6. =- B D — ==,
J:ﬂ(w—&—a)" az(x +a)" 1 a[;ka" k(z + a)k T ]
7 J dx _ (n+1z-a +n(n+1)J' dx
@3 (x4 a)r T 2a222(z 4 a)n ! 2a? z(z 4+ a)”
m—1 _1\k _1\m
SR S TN Y]
z™(z + a) = (m — k)akxm—k am™ x
9.J de Ly ®
z(r+a) a |z+a
dx 1 1 z+a
0 g = el
0 Jx%m—i—a) am+a2
11 dx 1 1 1 ‘m—l—a‘
C)x3(x+a) ez 2022 ad z
12. e _1(_1 flln‘L—Fa‘ :
z(z + a)? z4+a a z
dz 1 1 1 2 Tr+a
s [ de o L1 1 2y et
z?(z + a)? 2<m+a+m a )
dz 1 1 2 a 3 T+a
4. | —— = ——— ——1 ‘ ‘ .
z3(z + a)? (:c+a+ 222 a | )
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dx 1 1 1 T+a
15. = ——1 .
J:c(:c+a)3 az(w+a)+2a(w+a)2 a’ n‘ T ‘
dz 1 2 1 3 T+a
16. =- - — i+ ] I
z%(z + a)? 2a2(z 4+ a)? a3(x+a) adzr a*
dz 1 3 a 3 a 6 r+a
17. = — - — —— — —1 .
Jw3(w+a)3 a4{x+a 2(w+a)2+w 222 an‘ T ”
q
2.6. Uarerpassl Buga pr<$+a> dzx
x+b
1 pr z+a qdw:(m—l—a)(m—i—b)w”*l r+a\?
z+b p+1 z+b
_ q - q
~q(b a)+p(b+a)J'xp_1 z+a dmf(p l)abJ'xp_z zt+a)’,
p+1 z+0b p+1 z+b
q
2. J.T(w—i—a) dzr =
z+b
_ _(@+ay e o alla- e b)) [(s2a),
Ao+ 5y E T (g= (et b 2(g — 1) e+b) W
3 _(m+a)"“_q(b*a)+a+bj ztal,
) T 2(z +b)at 2 z+b
(= +a)” (z +a)” P J(ac+a)”*1
4, | ————dx = — dx.
@+0) T @-De+br T g—1) @ropr
5 (z + a)? - 1 z+a\"
Cl@+opt2 T (p+1)(b—a)\z+b
o[ @t (@tap et (Db -a) 1)
@b (p D) (p+2)(b - a)(z + 0)P

v J(xic)p<z:’—l—z>qdi: ) ( o
x4+ a)?t!
- T G G

l(p—2)(a+b—2¢)—q(b— a)]J G +1c)p_1 (ii‘;)q dz +

1 z+a\?
+ -9 [ s (515 ) de)
n n—1 k n—k
1 T+a . 1 a—c\ T+a _
8- Jm+c(m+b) dm_an{(bc) ! <x+b>
a—c\" a—c\"
_|:(b—c> —1]1n|w+b|+<b_c) In|z + ¢|.

> J(f:ig)ndx - _"i (nfk)(:fkfl) (iij;lz:: *

k=0
+n(x+a)—n(b—a)ln|z+b.

2%
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k+1 a—b
10. ZC ) +m+n(a—b)ln|m+b|.
11. Jiiidm:m—l—(a—b)ln\m—l—b\.
T+a _m2
12. me—i—bdm_ 5 + (a—b)(x —bln|z + b|).
23:+a _&3 - 727 2
13. Jx w+bdm_ 3 +(a b)(2 bx + b ln|m+b|)
T+ a a
14. =—1 — 1 .
Jx(x—i—b)dm 5 n|z| n|z + b
2 2
15. J(mi’; dz—a- © +bb) +2(a—b)lnlz +bl.
x x
2 2 _
16. Ja: Zi‘; dm:%+2(a—b)m+(a—b)[b(xa—+;)+(a—3b)ln|m+b| .
2 3 2
+a x b(a —b)’x
17. |2 (2 de = = b e
x m—l—b) ¢ = + (@ —b)z® + b +
+ (a— )[(a—3b)(m+b)—2b(a—2b)ln|a:+b|].
1(z+a) (a—b%) b2) a?
18. | — l 4 1) .
8 m(m—i—b) de = (m+b) |z| — = n |z + b|
(x+a)?* _ a* _ _p)2
19. o b dx = 5 +(2a—=b)z+ (a—b)"In|z + b|.
2 3 2
20. (mfr“b) dzr ="+ (20— 0) %+ (a— b( — blnfz + b)),
x
2 4 28 2
21. J 2("‘;1“[]) do ="+ (20— )% + (a—b)’ <?—bw+b ln|w+b|>.
2
22. %dmzx—{-%[aﬂﬂm\f(afb)2ln\x+b\].
r+a a—>b
23. = 1
3 J(x+b)2 m+b+ n|z 4+ b|.
24. Jxﬁ de =z + b(;_:bb) + (a —2b)In|z + b|.
2 20
25. Jw2ﬁdw=%—i—(a—%)w—%—b@a—?yb)ln\m—l—b\.
T+a a—b a z+b
26. = — —1 .
Jm(m+b)2 v b(z +b) b2 "z ‘
p
2.7. Uurerpans BUjga J%.

P dx
1‘Ju+avu+wr:p

zP !

—Kp—ﬂa+@—qwﬁ

1
—q—r+1{(w+a)q—1(w+b)’—1

zP ldzx

(x4 a)i(z+b)"

e (0= Dar |

zP 2 dx

z+a)i(x+b)r

b
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9 J' zP dx -
" (@ta)m(zb)n
m—1 k4+m+p+1 rm—k—1 1
_ (_1) P Il ~An—1 a®
= — W Z CpCm+n—k—l—2 (b — a)m+n—k—l—1 -

n—1 n—k—1
(" — by
— YRR CpCm+n—k—l—2 (b o a)m+n—k—l—1 +
1=0

m—1 )
+ (-1 ST gkontt 4

mn—k-2 (5 gymrn—iot M [T +al +
k=0

n—1 . L (*b)p_k
+ (=)™ Z Cyp C:nn;nfkfzm In |z + b|.
k=0

3 J dx _ 1 _
(4 a)i(z+b)r T (r—1)(a—b)(z+a)1(z+ b1

_ q+r—2 J dz
(r—1)(a—»b) ] (z+a)i(z+b)" 1"
1
4. =
(¢ - Do~ )@+ a)="(@+ by
" q+r—2 J dx
@-D@-b ) @rar@+b
. J dx _ (_1)m+n—2 m+n—2 (_1)k Ck y
z+a)™(x+b)" —aq)mtn- n—Fk—1
: b b ot L k e
k#n—1
n—k—1 m—1
z+a (=1) n—1 Tta
— 7 1 .
X(m—l—b) +(bfa)"“F"‘lc"“L"_2n z+b
. S G ihicivs SYSPRI o JE G ici TS S
. Pt k(b_a)m+n—k—1(m+a)k = k(b—a)"“r"*’“*l(m—i—b)k
(—1)m+! n—1 z+a
R S In|———|.
- (bfa)m+n—1cm+"*1 HEET)
. J da __ 1 |z+a
"J(@4a)(z+b) a—-b |z+b]|
zdz 1
8. J(w+a)(w+b) = a_b(aln|m+a|—bln|m+b|).
2% dx 1
. JmZW+m(b21n\w+b\—a21n|w+a\)~
dz 1 1 1
10, | ——~ = ] —1 - 01 .
0 Jm(m+a)(x+b) o Mzl Sy et al = gy Inle £ 0]
dz
11, | ———~ =
Jm2($+a)($+b)
_ 1 a-+b 1 1
= In |z| %(a — ) In|z+a|+ b2(a —b) In|z +b|.
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dz 1 1 T+a
12. - .
J(w+a)($+b)2 G—b)e+b) (a=02 "z+b
13 J rdz _ b _ a N z+a
"J(@+a)(z+b)2 (a—b)(z+b) (a—b)2 |z+b]|
2
14. J%:
(z + a)(z + b)?
=— b* + o’ ln\x+a|+wln\x+b\
(a—b)(z+b) (a—0b)? (a—b)? '
dx
1. Jm(m+a)(m+b)2‘
—;—f— 1l\| ¥l| + \-i-%i_al\ + b
Tba_b)(z+b) ab? T Ga_b)2 T UT g g HETON
1 1 1 2 z+a
16. 1 .
Jw+a 2(x + b)? (a—b)2<w+a+w+b)+(a—b)3nw—i—b
17J rdz 1 e, b _a+b z+a
(z + a)?(z + b)? (afb)2 r+a zT+b (a—b)3 " |xz+b|
x*dx 1 a? b? 2ab r+a
1 1 .
8. Jx+a 2(xz + b)2 (a—b)2<m+a+w+b)+(a—b)3nm—i—b

2.8. Uurerpaas Buga Jmim(aaﬂ—{—bx—l—c)"dx.

1. J(aat:2 +bz+¢)"dx = m [(Zaa: + b)(az® 4 bx + )" —
—n(b® — 4ac) J(amr:2 + bz +c)" " da:].
_ ()" 2az +b
=D (2n +1)! 2a X

3.

+

|

az® + bz 4 c)"

XZ

(az® + bz + c)" !

2 n—k
yeCs, <%> (az® + ba + ¢)".

dx.

( _

J x™ dv = (m —1)cem1! *
b(n—m+2)J(aw2+bw+c)" a(2n—m+3)J(am2+bw+C)"
dx +
c(m—1) xm—1 c(m—1) xm—2

dx

2.9. UurerpaJbl Bnan

dx

(az? + bz + )"’

—2ax — b

az? 4+ bx + c)»

T (n—1)(b% -

2(2n — 3)a

4ac)(az? + bx + c)n 1

dx

(n —1)(b% — 4ac)

I

ax? + bx + c)n !
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2ax + b
= X
2n —1
2%(2n —1)(2n —3)...(2n — 2k — 1)a*

[

n—

% = (n—=1)(n-2)...(n—k—1)(4ac — b2)kt(az? + bx + c)n—k-1 +
(2n — 3)!'(2a)"* J dx
(n — 1)!(4ac — b2)»~1 ) az? +bx + ¢’
de 1 2ax + b — v/b% — 4dac 5
3. 5 = In [6* — 4ac > 0].
ar?+bx +c /b2 —4dac 2az + b+ Vb% — 4ac
4. = 2 arctg 2az +b [6? — 4ac < 0].
4dac — b? 4dac — b?
2
5. == —m [bz = 4GC].
6. — S e
a(p—q) |z—qf
rae p, ¢ — AeUCTBUTEJIbHble KODHU MHOTI'OYJIEHA az’ + bz + c.
dx . 2az + b " 2a dz
az? + bz +c)2  (4ac —b?)(ax? + bz +c dac —b? | ax? +bx+c’
(
J dx - 2ax + b n
(az? +bx +c)®  2(4ac — b2)(ax? + bz + c)?
3a(2azx + b) n 6a* J dx
(4ac — b2)2(az? + bz +c) (4ac—b2)2 | az? +bx+c’
2.10. Uurerpans Buga Jm
J ™ dx -~ —zm! 4
(ax? + bz +c) (2n—m — 1)a(az? + bz + ¢)n—?
(m—1)e J ™ 2 da ~ (n—m)b ™ tdx
2n—m—1)a | (axz2+bz+c)* (2n—m —1)a ] (az?+ bz +c)™’

9 J m2n71 dzx B
C ) (ax2 bz +e)n

B 1 J $2n73 dx 3 EJ $2n73 dx B é $2n72 dx
T a) (ax24+br+c)*t a (ax2+bxr+c)r  a) (ax?+bx+c)n’
J xdr _ 1 b dx
(ax2 +bx+c) 2(n—1a(az®+bx+c)" 1 2a ] (azx?+bx+c)"’
4. _ bx + 2¢ "
(n —1)(b%2 — 4ac)(ax? + bz + c) !
n (2n —3)b J dz
(n —1)(b% — 4dac) ) (az? + bz + )"
J z® dz _ (b* — 2ac)(2az + b) — b(b* — 4ac) B
(ax? +bx +c)»  2(n—1)a2(b? — 4ac)(az? + bz + c)"~!

~2(2n = 3)(b* — 2ac) — 2(n — 1)(b* — 4ac) dz
2(n — 1)a(b? — 4ac) J (az? + bz +c)n—1"
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rdx 1 9
6. | —————— = —1 b —
Jaw2+bw+c 2a nlaz” + bz + cf
1. |2ax+b— Vb% —4ac 5
—In [b% > dac],
_ b 2 |2az + b+ Vb% —4ac
a+/|b% — 4ac| arctg 2ax + b [ < dac]
dac — b2 e
J ® dx _E,iln‘am2+bm+6\+b2i2acl[ dz
ax? +br+c a 2a2 2a2 az? +bx + ¢’
J z* dz - ax® — 2bx 4
azx? +bx+c 2a?
b* — ac 2 b(b* — 3ac) dz
1 - .
* 2a3 nlaz” + bz +cf 2a3 Jax2+bx+c
J zdx _ bx + 2¢ n b J dx
(ax2 +bx + )2~ (b2 —4dac)(ax® +bx+c) b2 —4dac | ax®>+bx+c’
2
10. J S —
(az? + bx + ¢)?
_ (2ac — b*)x — be 2 J dx
" a(b? —4ac)(az? + bz +¢) b2 —4dac ) ax?+bz+c’
11 J z® dx _ c(2ac — b?) + b(3ac — b*)z n
(ax2 +bx + )2~ a2(4ac — b2)(ax2 + bz + c)
+Lln\am2+bm+c\+ b(6ac — b7) J dw
2a?2 2a2(b? — 4ac) | axz? + bz + ¢’
dx
2.11. "1 .
HTerpaJjbl BUJa J zm(as? 1 ba T o)
1 J dx _ 1 _
) azm(ax2 + bz +c)r T (m—1)ecx™—(ax? + bz + c)"!
_(m+n-—2)b J dz B
(m—1)e zm=1(az? + bx + )"

_(m+2n—3)aJ' dx
(m —1)c xz™=2(az? + bz +c)"’

9 J dx -~ 1 B
") z(az? bz +c)r  2(n —1)c(ax? + bz + ¢)n L

- EJ dx i EJ dx
2¢ ) (az? +bx +c)* ¢ ) z(az?®+ bx + )1’
1 x?

3 Jd—w “ln—r
") z(az2+bx+c) 2¢  |axz?+ bz +

ln 2ar + b — vb? — dac B o4
_ b 2 |2axz + b+ Vb2 —4dac (b7 > dac],
c4/|b% — dac| 2az +b

arctg ——————— 2
g dac — b7] [b* < dac].
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4 J' dx -
© ) z2(ax? + b +c)

_7i7in z? b2—2acJ dx
cx 2c? |az? + bx + ¢ 2¢2 ax? +bx +c’
dx 20z —c  b® —ac z?
5. = In +
z3(az? 4 bz + ¢) 2c2x2 2¢3 laz? 4+ bz + ¢|
n b(3ac — b?) J' dx
2¢3 ar?+bx +c’
6 J dx _ 1 n b(b+ 2ax)
") z(ax? +bx+c)2 2c(ax? +bx +c) b2 — 4dac

n 1 In z? b 1— 2ac J dx
2¢2 |az2+bx +ec| 2c2 b2 —4dac) | az® +bx+c’

7 J dz _ (b* — 3ac)(b + 2azx) B c+ bz
z2(ax? + bz + )2 c2(4ac — b2)(ax? + bz +c) c2z(ax? + bz + c)

b z? 1 b*  6b%a | 6a? J dx
——In + - + =)
¢t lax?+br+cl b2 —4dac\cd c? c ax?+br+c

8 J' dx 3br — ¢ "
© ) x23(ax? + b + c) 202332 ax?+ bz + c)

—2aJ @J dzx
z( $2+bw+c) 2¢? | (az2 + bz +c)?’

2.12. Uurerpanb Bujga Ja:—i—d (az® + bz + ¢)" dz.

1. J(m +d)™(az® + bz + )" dz =

1 m— n
= G a0 b e

+ (m +n)(2ad — b) J(m +d)™ Yaz® + bz + )" dx —

— (m —1)(ad*® — bd + ¢) J(m +d)™ %(az® + bz + )" dx|.

9 J(aw2+bw+c)" do — — (az® + bz + )" B
’ (z+d)™ T o (m=-2n—-1)(z+d)m!
B 2n(ad® — bd + ¢) J (az? + bz +c)" ! d —
m—2n—1 (z 4+ d)™
n(b — 2ad) J (az® + bz + c)"* du
m—2n—1 (z+d)m—1t )
3 _ -1 (az? + bz + c)™ Tt n
) ~ (m—1)(ad? — bd + ¢) (z +d)ym—1
o B (az? + bz + )"
+(m—n—-2)(b 2ad)J—(m—|—d)m—1 dx +

(az? + bz + )"

@rdmz

+(m—2n—3)aJ
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(az?® + bz + )"

4. =—
(m—-1)(z+d)m1
_ 2 n—1 2 n—1
n n(b — 2ad) J (az® + bx +f) de + 2na J (az® + bx —I—f) da.
m—1 (z+d)m-1 m—1 (z+d)m—2
(az’+bz+c)" , B n
5. J—m—i—d dr = (ad” —bd+¢)"In|z + d| +
n—1
+J(aw+b—ad [Z (ad® — bd + ¢)" " (az® + bz + ¢)*| da.
k=0
(z+d)™
2.13. Uurerpann Buga J ax2+bx+c)
1 J (z+d)"de
© ) (ax2+bx +c)n
_ (2ad — b)(2az + b) + 4ac — b* (x4 d)™*?
" 2(n —1)(4ac — b2)(ad? — bd + ¢) (az? + bx + c)n—?
n 2(m —2n+4)a (z +d)™*! n
(n —1)(n —2)(4ac — b?)(ad? — bd + ¢) (ax? + bx + c)"~2
4(2n — 3)a B 2(m — n+ 2) J (z+d)™dz
(n—1)(4ac—b%?) (n—1)(ad®? —bd+c)]| ) (az?+ bz + c)" 1

- 2(m —2n+4)(m —2n +5)a J (z+d)™ dx
(n —1)(n — 2)(4ac — b2)(ad? — bd + ¢) | (ax? + bx + c)»~ 2’

- 1 ($+d)m71 -n ad —
2. - (m—2”+1)a{(aw2+bw+c)n—1 +(m Y(2ad — b) x

(z+d)™ de o 2 J (z+d)™ ?da ]
X J (e T b F o) (m —1)(ad” —bd +¢c) (@t baior]

5 _ 1 [(2aw+b)(m+d)m _
’ " (n—1)(4ac — b?) | (ax® + bx + c)n 1
(z+d)™dx (x+d)™ tdz
— 2(m —2n+ 3)GJ (az? + bz + c)n 1 —m(b— Qad)J (az? + bz + c)n 1 | :

(z+d)dx 1 2
— = — ] b
Jaw2+bw+c 2a nlaa” + bz +cf +
arctg 202 +b >
n 2ad — b g\/4ac—b2 [6% < dad],
2 _ _Jp2 —
a+/|b dac| lln 2axz +b— b 4ac 52 > dac).
2 2ax + b+ Vb2 — dac
J (z+d)? dx _£+ad2—cJ dx +2ad—bJ zdzx
az?+bx+c  a a ar?+bxr+c a ar?+bx+c’

azx?+bzx+c)? (b2 —4ac)(az? + bz +c) + b? — 4dac

GJ (x+d)de  (b—2ad)xz+2c—bd b—2adJ dx
S ar?+bx +c’
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dz
(z + d)™(az? + bz + )™’

2.14. Uuarerpansl Buga J

dx 1
J (x +d)™(az?+ bz +c)*  (m—1)(ad? — bd + c) X
1
X {(w +d)™(azx? + bx + c)n~ !
o J dx n
(z +d)m™1(az? + bz + )"

+ (m+2n— 3)‘1J (z+ al)m—z((czl:;2 + bz + C)"]'

1.

+ (m+n—2)(b—2ad) x

1
T 2ad®—bdto)

1
X [(n —1)(z+d)™(az? + bz + c)* 1 + 2(ad — b) %

" l[ dz L m +2n—3 J dz ]
(z +d)m™=1(az? + bz + c)™ n—1 (z +d)m(az? + bx + )" 1|
1 1
(m+n—1)(2ad —b) [(w +d)m(az? + bz + )t

dx 9 B
—|—(m+2n—2)aJ (x—i—d)m*l(aaﬁ—l—bm—&—c)"] [ad® —bd + c=0].

4 J dx _ 1 1 n
") (x+d)(ax2+bx+c)"  ad?—bd+c|2(n—1)(ax? + bz + c)n!

3. =

+

(- 5) [ | erastwra)
2 (az? + bz + )™ (z 4+ d)(az? + bx + c)n~ 1
dx 1 (z + a)?
J (z 4+ d)(az? + bz + ¢) - 2(ad? — bd + ¢) " laz? + bz + ¢|
2arct M 2
9ad — b g Viac — b2 [b* < 4ac],
- 2(ad? — bd + ¢)+/|b? — 4ac| 2ax + b — Vb% — 4ac

2ax + b+ v/b? — dac

In

[b2 > 4ac].

dx o
J (z +d)2(az? +bx+c)
_ 1 1 2ad — b (z + a)?
_7ad2—bd+c{x+d 2(ad2—bd+c)n|ax2+bm+c|
2¢(ad® — bd + ¢) — 2ad + b* dzx
2(ad? — bd + c)? J aaf:z—i—bw—i—c]'
™ dx
@+ et
1 J z™dx ™! _m—2n+3J ™ dx
T (224 e 2(n—1)a2(z2+a2)" 1 2(n—1)a? | (22 +a2)n 1
zm ! (m —1)a® J z™ % dx
(

2. = — .
(m-—2n+1)(z24+a?)»t m-2n+1] (22 +a?)"

2.15. UuTerpansl Buga J
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3 _ ™t n m—1 J' 2™ % dx

) T 2(n—=1)(z24+ a2t " 2(n—1) ] (22 +a2) 1’
4 _ J ™ 2dx _ a2J 2™ 2 dx

: - (w2 + a2)n—1 (w2 + a2)n'
5 J $2m dCE B m2m-ﬁ-1 "

(22 +a2)® ~ 2(n —1)a?
y 1 Tf(2n72m73)(2n72m75)...(2n72m72k71)X
(2 +a?)m !~ 2k(n —2)(n—=3)...(n—k—1)
1
x a?*(z% + q2)n k1 +

mazm_2n+1 (2n —2m — 3)(2n —2m — 5) . (3 - 27’77,)(1 - 2777,) %

-1
+(=1) 2 1(n—1)!
2 (=1)F (m)”“*l x
— tg —|.
X[;Wc—l a —i—arcga
J~ m27n-y‘—1 dzx _ _l i(_l)k x a2k
T (x4 ae)n T 2 P ™(n—m+k—1)(22 4 a2)rmtk-1"
n—m-—2 k 2 m+k+1
1 1
7 - G ek (2
2q2(n—m-1) m+k+1 x2 + a2
[ >m+2]
2m m—1 2k, 2m—2k—1
" dx a““x m _2m—1
8 = -1 -1 tg —
Jm2—l—a2 ;)( ) o op 1 T (DT Carctg
2m+1 m—1 k 2\m
T de 1 (=1)" 2k _am-2k , (—a%) 2 2
9. == 1
J z? + a? 2k=0m—k + 2 n(z” +a’)
10 J' 2™ dx Zm+1 _2m—1 g9y 3
(z2 + a?)?  2a2%(z%+ a?) 2
m (71)m+k (m)Zk—l m T
= (Z ~1 zl
x[; 5% —1 \a + (-1) arctga
11 J' dx . T n 2n — 3 J dx
T (224 a2 2(n—1)a?(z2 4+ a2)n"1  2(n — 1)a? | (22 + a?)n"1]
12 o ”21 (2n—1)(2n —3)...(2n — 2k + 1)
) N 2n —1 & 2%(n = 1)(n —2)...(n — k)a**(z* + a®)" "k
(2n — 3)N x
+ 2n—1(p —1)la2n—1 aretg -
dx 1 T
13. Jm = Earctg E
dx T 1 T
14. = ——arctg —.
J (224 a?)?  2a%(a® + z?) + 24508
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dx T 3z

3 T
_ °_arctg .
(z2 + a?)®  4a?(z? + a?)? + 8a(z2 + a?) + 8ab arcie a

= %ln (2* + a®).

T
T — aarctg —.
a

23 dz 2

2
T a 2 2
iaz g g e tal
m3

|
|
|
|
A A"
|
|
|
|

22 +a2 3
rdr 1

20.

(22 + a2)? _2(:):2 +a?)’

v da = - a + L arctg
(22 +a2)? ~  2(22+a?)  2a &84

23 dx _ a® 1 | 2 2
(22 + a2)2 _2(m2+a2)+§ n(z” +a”).

z' dw =z + o’z — 3_a arct z
(22 + a2)? 2(z2 4 a2) 2 &84

21.

22.

23.

2.16. Unurerpann Buga Jﬁ
1 J dz _ 1
(@2t a?)r T (2m — 1)a?z?m (22 + a2)n !
_ 2m+2n—3J dz
z2m2(

(2m — 1)a? x2 4+ a?)n
2. = ! X
2m+2n —1)(z%2 + a?)n 1
Xi kem+2n—1)2m+2n—3)...(2m +2n — 2k +1) 1 N
= (2m —1)(2m —3)...(2m — 2k 4+ 1)a?k x2m—2k+1
2n—1)2n+1)...2n+2m —3 dz
+ (= 1)’"( ) (2; _) 1)”22m+ ) J @1 al)" [em. 2.15.11-12].
3 J dx _
* m2m+1(m2+a2)n -
. 1 m+n—1 dx
- _2ma2$2m($2 + a2)n—1 - ma2 J z?m=1(g? 4 a2)"
4. S A Sy 1(—“’2 - “2>k "
2(=a?)mtn L k-n+1 men z?
5 J' dx 1 n ij dx
" z@+ e 2(n—Dad(z? +ad) ! | a2 | z(z® +a?)n

2)n
1« 1 1 T
6. =5 2:: k)aZ* (22 + a2)n * + 2q2n In 22 + a2



